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Abstract 

The effective geometry and the gravitational couphng of nonabehan gauge and 
scalar fields on generic NC branes in Yang-Mills matrix models is determined. 
Covariant field equations are derived from the basic matrix equations of mo- 
tions, known as Yang-Mills algebra. Remarkably, the equations of motion for 
the Poisson structure and for the nonabelian gauge fields follow from a ma- 
trix Noether theorem, and are therefore protected from quantum corrections. 
This provides a transparent derivation and generalization of the effective ac- 
tion governing the SU (n) gauge fields obtained in [1] , including the would-be 
topological term. In particular, the IKKT matrix model is capable of de- 
scribing 4-dimensional NC space-times with a general effective metric. Metric 
deformations of flat Moyal-Weyl space are briefly discussed. 
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1 Introduction 

This paper is a continuation of a series of papers [1-4] with the aim to understand the 
geometry and the physics on noncommutative (NC) branes in Matrix-Models of Yang- 
Mills type. The motivation of this enterprise is to study whether such branes can serve as 
dynamical space-time including matter, gauge flelds and gravity. In the previous papers, 
it was shown that these matrix models provide indeed a mechanism for emergent gravity 
on the branes, with an effective metric which couples universally (up to possibly conformal 
factors) to bosonic and fermionic matter as well as nonabelian gauge flelds. The mechanism 
of gravity on these branes is different from general relativity a priori, and related to gauge 
theory on non-commutative spaces. This is very similar in spirit to the ideas put forward 
in [5-7]; see also e.g. [8-10] for related work. 
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The starting point of our approach are matrix models of Yang-Mills type, with bosonic 
action 

Sym = -Tr[X^ X"] [X''\ X''']r]aa'Vbb' (1) 

where r]ab is a constant background metric with Euclidean or Minkowski signature. These 
models arise e.g. through dimensional reduction of U{N') Yang- Mills gauge theory with 
TV — > oo to zero dimensions. The models describe in particular noncommutative (NC) 
branes of even dimension 2n, including e.g. the Moyal-Weyl quantum plane [X'^jX'^] = 
iO^^^t which is a solution of the equations of motion. It was generally believed that fluc- 
tuations of the matrices or "covariant coordinates" X" describe gauge fields on such NC 
spaces. However, a detailed analysis [1,5] shows that the U{\) components of these fluctua- 
tions are actually gravitational degrees of freedom, and only the SU {n) components should 
be interpreted as nonabelian gauge fields. This provides a detailed explanation of UV/IR 
mixing in NC gauge theory in terms of an induced gravitational action [3]. The effective 
action for the SU (n) gauge fields was found in [1] using a brute-force computation. It was 
shown that the gauge fields couple as expected to the effective gravitational metric, and an 
interesting "would-be topological" term in the action was found. 

The effective metric on the NC branes was generalized in [2] to the case of non-trivially 
embedded branes Aie G in higher-dimensional matrix models, and has the form G'^'^ = 
e-'^ei^t' {x)e'"' {x)g^>^ix). This is very similar to the open string metric in the context of 
string theory [11], while the "embedding metric" g^iu'{x) corresponds to the closed string 
metric and enters the action on the branes only indirectly. Indeed it appears that only 
D > A can provide a large enough class of effective metrics to allow a realistic description 
of gravity. The case D = 10 is favored from the point of view of quantization, more precisely 
the IKKT model [12] which was introduced originally in the context of string theory; this 
allows to describe the most general effective metric on 4-dimensional branes. However, the 
coupling of nonabelian gauge fields to this general metric was not established up to now. 

In the present paper, we study in detail gauge fields on generic NC branes M.0 C M'^ 
with D > 4 governed by the matrix model (|lD. SU{n) gauge fields are shown to arise on 
A4g as non-abelian fluctuations of the matrices or "covariant coordinates" and couple 
as expected to the effective metric G^"^ . We provide a new derivation of the Yang- Mills 



equations of motion ( |127| ) for nonabelian gauge fields coupled to G^'^ on general NC branes, 
as well as the equation governing the noncommutativity resp. Poisson tensor 6'^'^{x). Re- 
markably, both equations can be understood as consequences of a basic "translational" 
symmetry of the underlying matrix model X°- —>■ X°- + c°'l. The corresponding Noether 
theorem yields precisely the above equations. This provides not only a transparent deriva- 
tion of these equations of motion; as usual in quantum field theory, a derivation based on 
a fundamental symmetry also implies that these equations are protected from quantum 
corrections. Therefore these equations of motion are valid also at the quantum level. In 
particular, (^Oj) provides the relation between non-commutativity of space-time and gravity. 



Form a mathematical point of view, it is quite remarkable that the covariant Yang- Mills 
equations (|127D as well as (^) are direct consequences of the underlying matrix equations 
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of motion known as Yang- Mills algebra [13, 14], 

[X\[X\X^'\\g,,,^Q (2) 

in the background of a quantized Poisson manifold. The resulting structure is very rigid 
and leaves little room for different interpretations. Combined with the well-known fact [15] 
that any analytic 4-dimensional (pseudo) Riemannian manifold (A^^, g^v) can be embedded 
locally isometrically in fiat (pseudo) Euclidean space M}^ ^ it follows that the Riemannian 
geometry required for gravity can be described in terms of a simple matrix model of the 
above type, notably the IKKT model with D — 10. These models therefore provide a pos- 
sible foundation of geometry and gravity, without any classical-geometrical prerequisites: 
the geometry arises only effectively in a semi-classical limit. Moreover, gravitons are nat- 
urally unified with (nonabelian) gauge fields, both being described by fiuctuations of the 
underlying matrices around some given background. This provides a simple and promising 
framework for a unified description for gauge fields, gravity and matter. Moreover, it is 
reasonable to expect that the IKKT model is well-defined at quantum level, due to its 
extended supersymmctry. This supports the hypothesis that these matrix models may be 
a suitable framework to describe the quantum regime of gravity. 

Some new results on various aspects of the geometry of the NC branes arc also given. 
In particular, we elaborate in some detail the preferred frame and gauge defined by the 
matrix model. This provides a simplified derivation of the fact that the linearized metric 
fiuctuations around fiat Moyal-Weyl space due to the would-be U{1) gauge fields are Ricci- 
flat but non-trivial, as first observed by Rivelles [5]; they are hence interpreted as gravitons. 
We give explicit expressions for the linearized Riemann tensors, including also fiuctuations 
of the embedding. Nevertheless, the physical aspects of the emergent gravity theory are 
not sufficiently well understood at this point and require much more work. 

The results of this paper illustrate the unexpected role of symmetries in emergent grav- 
ity. The classical concepts of diffeomorphism resp. general coordinate invariance loose their 
significance, being partially replaced by symplectomorphism invariance; see also [7] for re- 
lated discussion from a somewhat different point of view. On the other hand, novel sym- 
metries such as the above "translational" symmetry arise with unexpected consequences. 
In particular, we point out that the global SO{D) symmetry of the model can be exploited 
by going to certain "normal embedding coordinates" where some of the analysis simplifies. 

There is of course a relation with previous work in the context of matrix models in 
string theory (e.g. [12,16-25]) and NC gauge theory (e.g. [26-28]). In particular, evidence 
for gravity on NC branes was obtained e.g. in [29-31]. However, most of this work is 
focused on BPS or highly symmetric (typically "fuzzy") brane solutions. The essential 
point of the present approach is to study generic curved NC branes and their effective 
geometry. The proper separation of gravitational and gauge degrees of freedom on these 
branes in the matrix model was understood only recently. Moreover, it turns out that 
all fields which arise due to fiuctuations around such a background only live on the brane 
A4f^ C R^; there really is no D-dimensional "bulk" which could carry physical degrees of 
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freedom, not even gravitons. Therefore the present framework is quite different from the 
braneworld-scenarios such as [32,33]. One could argue that the strength of string theory 
(notably the good behavior under quantization) are preserved while the main problems (lack 
of predictivity) are avoided here. Clearly all essential ingredients for physics are available, 
but it remains to be seen whether realistic physics can be described through these models. 
Finally, even though we focus on the semi-classical limit, higher-order corrections in 9 could 
and should be computed eventually. This will provide a link with NC field theory [34-36] 
and possibly with other approaches to NC gravity, see e.g. [37-39]. 

This paper is organized as follows. We start in section ^ by recalling the basic aspects 
of NC branes in matrix models under considerations. The frame which arises naturally 
is discussed in some detail in section p.2| . A preferred class of coordinates is discussed in 



section taking advantage of the underlying SO{D) symmetry of the model. Metric 



fluctuations of fiat Moyal-Weyl space are discussed in section In section ^, the basic 
Noether theorem based on the translational symmetry is exploited for the U{1) sector. 
Nonabelian gauge fields are finally introduced in section and the effective action is 
established based on Noether's theorem. 



2 The Matrix Model 

Consider first the basic matrix model 

Sym = -Tr[X^,X''][X^',X^']r],,,7^,,,, (3) 

for 

?7^^/ = diag(l, 1, 1, 1) or r]f,^> = diag(-l, 1, 1, 1) (4) 

in the Euclidean[] resp. Minkowski case. The for /i = 1,2,3,4 are hermitian matrices 
("covariant coordinates") or operators acting on some Hilbert space Ti. The above action 
is invariant under the following fundamental gauge symmetry 

^ U^^X^'U, U e U{H). (5) 

We will denote the commutator of 2 matrices as 

[X'',X'']=i9^"' (6) 

where 6'^'^ G L{7i) is not necessarily proportional to 1-^. We focus here on configurations X^ 
which can be interpreted as quantizations of coordinate functions on a Poisson manifold 
{Ai,6^'^{x)) with general Poisson structure 9^^^{x). The simplest case is the Moyal-Weyl 
quantum plane and its deformations discussed in section ^, but essentially any Poisson 

^The reason for this notation is to avoid using g^i, for this fixed "metric"; g^i, wiU arise later. 
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manifold provides (locally) a possible background [40] . Formally, this means that there 
is an isomorphism^ of vector spaces 

C{M) ^ A C L(n) 

/(^) ^ hX) (7) 

such that t{f,g} ^ [f,g]+0i9^) 

Here C{M.) denotes some space of functions on JH, and A is interpreted as quantized 
algebra of functions on A4. 

In this paper we only consider the semi-classical or geometrical limit of such a quantum 
space. This means that the space is described in terms of functions on Ai using (0), keeping 
only the Poisson bracket on the rhs of (|^) and dropping all higher-order terms in 6. We will 
accordingly replace [f{X),g{X)] i{f{x),g{x)} and [X'^jX'^] — > iO'^^i^x). In particular, 

[X^J{X)]^^e^^{x)^f{x) (8) 

which will be used throughout this paper, denoting with ~ the leading contribution in a 
semi-classical expansion in powers of O^^'^ . 



2.1 Noncommutative branes and extra dimensions 

We now review the generalization to NC branes in higher-dimensional matrix models as 
discussed in [2]. The basic tool to understand the physics is to add a scalar ("test") field to 
the model. Using the above assumptions and preserving the gauge symmetry (|^), a scalar 
fields can be coupled to the above matrix model by adding an action of the form 

^r[X^0][X^0]r7^, ~ -Trr^^^r^'r^' 9^09,0. (9) 

The combined action has the same form as the matrix model (|^) if we consider = X^ 
as extra coordinate, but insisting that = 0(X'') is a function of the other 4 coordinates. 
This motivates to consider more generally 

Sym = -Tr[X\X'][X-\X%,a'r]w, (10) 

for hermitian matrices or operators X", a = 1, D acting on some Hilbert space 7i, and 
equations of motion 

[x^[x^x'^']K,, = 0. (11) 

A scalar field can therefore be interpreted as defining an embedding of a 4-dimensional 
manifold (a "3-brane") in a higher- dimensional space. This suggests to consider a higher- 
dimensional version of the Yang-Mills matrix model, such as the IKKT model with D = 10. 

^operator-technical subtleties concerning well-behaved subalgebras etc. are not important here and will 
be ignored. In particular, x'^ resp. X'^ are considered as elements of C(A^) resp. A 



5 



We now to consider generic 2n -dimensional noncommutative spaces A^g" C M.^ (a 2n—l 
brane), interpreted as (Euclidean or Minkowski) space-time embedded in D dimensions. 
2n > 4 is allowed in order to cover configurations such as Aig"^ = Ai^ x Kg C M^; however 
we focus mainly on the case 2n = 4. To realize this, consider the matrix model ([To|) and 
splitQ the matrices as 

X" = (X^,0^), fi = l,...,2n, i = l,...,D-2n (12) 

where the "scalar fields" = 0*(X^) are assumed to be functions of X^. The basic example 
is a flat embedding of a 4-dimensional NC background 

[X^X^] = /x,z/=l,...,4, 

4>' = 0, i = l,...,D-4: (13) 

where generates a 4-dimensional NC space Aig. In the semi-classical limit, suitable 
"optimally localized states" of {X"-) ~ a;" will then be located on A^^*^ C M'^. One could 
interpret 0*(a;) as scalar fields on generated by X^; however, it is more appropriate to 
interpret (j)^{x) as purely geometrical degrees of freedom, defining the embedding of a 2n - 
dimensional submanifold A^^" c M^. This A^^" carries the induced metric 

9iMuix) = r]f,^ + d^(f)'d„(f)^ij = d^x^d^x^rjab (14) 

via pull-back of rjab- Note that g^v{x) is not the metric responsible for gravity, and will 
enter the action only implicitly. We will see below that all fields coupling to such a back- 
ground will only live on the brane Al^", and there really is no higher-dimensional "bulk" 
which could carry physical degrees of freedom, not even gravitons. Therefore the present 
framework is quite different from the branewor Id-scenarios such as [32,33]. 



Poisson and metric structures. Expressing the 0* in terms of X^, we obtain 

/(X^)] ~ ie^^^d,(t>'dj = le^if) 9^0* (15) 



in the semi-classical limit. This involves only the components /i 



2n of the antisym- 



metric "tensor" [X'',X ] ~ i6 (x), which has rank 2n in the semi-classical limit. Here 



=M ■- 



(16) 



are derivations, which span the tangent space of Al C M . They define a preferred frame 
discussed in section p?2| . We can interpret 

[X'',X'']^i9^"'{x) (17) 



■^For generic embeddings, the separation (^2|) is arbitrary, and we are free to choose different 2n com- 
ponents among the as generators of tangential vector fields. This corresponds t o a very interesting 
transformation exchanging fields with coordinates, related to the discussion in section 2^ . 
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as Poisson structure on A^^", noting that the Jacobi identity is trivially satisfied. This is 
indeed the Poisson structure on Ai^"- whose quantization is given by the matrices X^, /i = 
1, ...,2n, interpreted as quantization of the coordinate functions x'^ on A^^". Conversely, any 



6^'^(x) can be (locally) quantized as ul7\ ), and provides together with arbitrary "embedding" 
functions 0*(x) a quantization of A4^" C as described above. In particular, the rank of 
6^" coincides with the dimension of Ai^^. We denote its inverse matrix with 



which defines a symplectic form on A^^". Then the trace is given semi-classically by the 
volume of the symplectic form. 



{2nr Trf 
p{x) 



(f^x p{x) f 



(19) 



We can now extract the semi-classical limit of the matrix model and its physical interpre- 
tation. To understand the effective geometry on A^^", consider again a (test-) particle on 
Ai^", modeled by some additional scalar field ip (this could be e.g. su{k) components of 
0*). The kinetic term must have the form 

S[^] = -^r[X^ y.][X^ y,]r],, = -Tr ([X^ ^][X^ ip]r,^, + [0\ , ip]5,,) (20) 

which in the semi-classical limit can be written as 

1 



(27r)" 
1 

(27r)" 



(f'^x p{x) Gf"'{x)d^ipd^<p 
(f^x\G,,\^/''G^''{x)d,^d,V. 



(21) 



which has the correct covariant form, where [2] 



G^'''{x) 


= d>'^'\x)d^^'{x)g^>,,{x) 


G^'^{x) 


= e-'^G'^^ix), 


pG^" 


= \G^,\'/^G>^''{x). 



(22) 



Here g^u{x) is the metric (|T3|) induced on Al^" C via pull-back of rjat- This amounts to 



P 

-(n-l)o- 



\G 1^/2 e"'^ 



(23) 
(24) 



where we exclude the case n = 1 for simplicity. Therefore the kinetic term on Al^" is 
governed by the metric G^^{x), which depends on the Poisson tensor 6*^^^ and the embedding 
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("closed string") metric g^j,y{x). Similarly, the matrix model action (|T0]) can be written in 
the semi-classical limit as 

Sym = -Tr[X'',X%X''\x'']r,aa'Vbh' ~ 777^ / (P'^x p{x)r^{x), (25) 

(27r)" J 



where 



r^{y) = ^G>^^ix)g,.{x)r^-\[X'^,X''][X^',X'']v,,,rj,,,. (26) 



We note that 

\G^,ix)\ = \g,,ix)\, 2n = A (27) 

on 4-dimensional branes, hence G^i, is unimodular for D = 4 in the preferred matrix 
coordinates [1]. This means that the Poisson tensor 6^'^ does not enter the Riemannian 
volume at all. This leads to a very interesting mechanism for "stabilizing flat space" , which 
may hold the key for the cosmological constant problem as discussed in [2]. 

Some properties. The metric G^'^ satisfies the following useful identities: 

= d^ipen = d^ie-'^^\e^''') = ^\V^ie-'^e^''') (28) 
f'^ = ~e-''d,{G''''p) = -e-''9'"''d,{9^'^g,,,{x)). (29) 



The first is a consequence of the Jacobi identity resp. (PSf); for the short proof see [2]. 



follows from (^) and (^ 



Equation of motion for test particle ip. The covariant e.o.m. for ip obtained from 



the semi-classical action (^) is 

A^v> = {G^'d^d, - f^9^)y. = . (30) 
These covariant equations of motion can also be derived from the matrix model e.o.m. 

[x^[x^<^]Kfe = o (31) 



which follow from (^Oj). To see this, we can cast this expression in a covariant form as 
follows: 



-e>'''d,{e''^g^,{x))d^^ - GP^d^d^^ 

e^T^drjip - Gf'^dpdnip) = -e^A^^ (32) 
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in agreement with (|30|), using 



, (^) and denoting 



(33) 



We will see below that in the preferred coordinates x'^ defined by the matrix model, on-shell 
geometries satisfy 

f'^ ™0, (34) 
and the equations of motion for if simplify as 



GP^Opdrjif = 0. 



(35) 



However, this non-covariant form holds only for on-shell geometries in the preferred x'^ 
coordinates. 



Equation of motion for The same argument gives the equations of motion for the 

embedding functions 0* in the matrix model ([lOD , 



A^0^ = 



and similarly for x'^ ~ X^- 



A^xf" = 0. 



(36) 



(37) 



This is consistent with the ambiguity of the splitting X" = {X^, cff) into coordinates and 
scalar fields. In particular, on-shell geometries (^) imply harmonic coordinates, which in 
General Relativity would be interpreted as gauge condition. 



Equation of motion for 9^^{x). Reconsider the e.o.m. for the tangential components 
X^ from the matrix model (p!0|) : 



0= [X^ [X-,X'']]r^w 



-e^'d,{e''^g,,{x)) 



since dp5g^.,^{x) = dpg^^ix), i.e. 



GP^{x)dpe-^' =e>^Pdpg,,{x). 
As shown in [2], (|3^) together with ( |5BD can be written in covariant form as 



(38) 



(39) 



(40) 
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Here V denotes the Levi-Civita connection with respect to the effective metric G^" (p^ . 
Remarkably, this equation is also a consequence of a "matrix" Noether theorem due to a 
basic symmetry (|88D of the matrix model, as shown in section ^. This means that (|40| ) is 



protected from quantum corrections, and should be taken serious at the quantum level. It 
provides the relation between the noncommutativity 6^'^{x) and the metric G'^'^. 

Eq. (^) has the structure of covariant Maxwell equations coupled to an external 
current, 

G^^{x)V^e-,' = -G^'^{x)9-,%a + e-'"^G^,9'^^d^'n{x) (41) 

Therefore the noncommutativity 9^'^{x) should be completely determined (for given bound- 
ary conditions) by the scalar functions ri{x) and p{x). Their physical meaning remains to 
be elucidated. 



2.2 Frame 

Define 



q-ri 



Then the effective metric can be written as 

which is the reason for choosing the above normalization. Moreover, using 

detj^=l, 2n = 4 



(42) 

(43) 
we have 
(44) 



in the case of 4 dimensions, which we assume in this section from now on. Therefore 
J should be regarded as a preferred vielbein. However, there is no distinction between 
"Lorentz" and "coordinate" indices here, and neither local Lorentz nor general coordinate 
transformations are allowed a priori. Jp satisfies the following properties 



G 



pp<~^u 

2\p 



7^ G 



{J >p 



-G^'gup 







(45) 



' p. ^ pi> I Uu ^pp 

due to the anti-symmetry of 6~l. Note that Jp G so{G) due to (^). 

To make this more explicit, consider (at a point x) a local coordinate system where 
Qpu = diag(l, 1, 1, 1) (in the Euclidean case) and 9^^ has the form 



pv 



( ° 








—a 


\ 




























y a 











/ 



(46) 
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this can always be achieved. Then locally 

= -diag(a^a-^a-^a2), 
G^"" = diag{a^,a-^,a-^,a^), (47) 

and 

e--r] = -{a^ + a~^). (48) 
As a consequence, JT" satisfies a characteristic equation 

{J^ + a^)iJ^ + a-^) = 0, 

+ 2e-''r] + J-^ = (49) 

using disf) . In certain cases may play the role of an almost-complex structure, which 
will be explored elsewhere. 

Remarks on Minkowski case and Wick rotation. If r^^,^ has Minkowski signature, 
there are some rather strange modifications to the above formulae. There are other reasons 
to believe that the appropriate implementation of Minkowski signature might require more 
than simply setting 77^,^ = (—1,1,1,1). In addition, one could impose (X°)^ = — 
replacing X° = iT. Then 6^^ would be imaginary rather than real. There are several 
reasons why such a scenario might be preferable, but this remains to be explored. 

2.3 SO{D) invariance and normal embedding coordinates 

The matrix model action is invariant under SO{D) (resp. S0{1,D — 1)) rotations as well 
as translations X"" — > X"- + c"ll, which together form the inhomogeneous Euclidean group 
ISO{D) (resp. the Poincare group). Taking advantage of this symmetry, one can choose 
for any given point p G adapted coordinates where the brane is tangential to the plane 
spanned by the first 2n components, i.e. i9^0*|p = 0. Then the embedding metric satisfies 

Sgfiulp = djg^i,\p = 0. (50) 

We denote such coordinates as "normal embedding coordinates"^ from now on; they exist 
for any given point p ^ Ai. Note that these are preferred matrix coordinates ~ X"". 

These special coordinates often simplify the analysis of general branes, and allow to 
reduce many considerations to the case of trivially embedded branes. For example, it gives 
an easy way to see that the matrix model action in the U{1) case can be written as in (^) 
in terms of 

Ar]ix) = {a;^ x'jix^' , x"' jvaa'Vbb' = G''''ix)g^,ix). (51) 

"^They coincide with Riemannian normal coordinates w.r.t. the Levi-Civita connection corresponding 
to (7pj/, but not in general for V corresponding to the effective metric G^i/ 
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This is so because t]{x) can be viewed as a SO{D) scalar, which in normal embedding 
coordinates reduces to G'^'^{x)r]^^. The unique covariant generalization is as above. 

For nonabelian gauge fields, a similar argument strongly suggests that their effective 
action can be evaluated in normal embedding coordinates, where it should reduce to the 
action computed in [1] without extra dimensions. However, we will give an independent 
derivation in section ^ based on the equations of motion. 



3 Moyal-Weyl plane and deformations. 



A particular solution of the e.o.m. ([TlD is given by the 4D Moyal-Weyl quantum plane. Its 
generators satisfy 

[X^',X'']=i0>"'l, (52) 

where 6'^" is a constant antisymmetric tensor. The effective geometry for the Moyal-Weyl 
plane is indeed flat, given by 



P - I V I = ^NC 

where the embedding metric is simply 

In the Minkowski case, we can choose coordinates where 

Gf,^ = diag(-l, 1, 1, 1), 

and 



1 











—sa 


\ 


































sa 











/ 



(53) 



(54) 



(55) 



(56) 



where we admit s G {l,?}. If we choose s = 1, then the original flat background metric is 

9,^ = P'^'Ju.'G''"' = diag(l, 1, 1, -1) • (57) 



On the other hand if we choose s = i, then 6^^^ is imaginary and the original flat background 
metric is 

9,^ = p-'d.'Juu'G"'"' = diag(-l, 1, 1, 1) = G,. . (58) 



This illustrates the discussion in section 2.2 
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3.1 Linearized metric fluctuations 



The Riemann and Ricci tensor for a general effective metric G^i, are defined as usual by 

r;i. = \G'''(d,G,, + d,G,,-d,G^J), (59) 

rU = + (60) 

R/^iy = R^su^ (61) 
R = G'^'R^,. (62) 

Now consider fluctuations of the geometry around a flat Moyal-Weyl plane G^jy, 

Gf^u = Gfj,y + h^y^ h = G^^hfj,y. (63) 

Then the linearized Riemann and Ricci tensor are given by 

41^' = \G''d,d^h^ - ^G'^d^dph^^ - ^G'^d^d^hp, + ]^G'%dph^, 

= dPd^ph,),-U,d,h-U'dsh^,. (64) 
Now we impose the equations of motion in the preferred (matrix) coordinates, given by 



= r^~9,(^|G',.|G'^^) (65) 
= A(5 0\ (66) 



For the fluctuations this amounts to 



d^Ku - \d.h = 0, (67) 



and the expression for the linearized Ricci tensor simplifies as 

^7 = -\d'dsK,. (68) 

In General Relativity, (|67|) would simply amount to a gauge fixing without dynamical 
content. This is not the case here: The preferred matrix coordinates satisfy constraints, 
and ( |65| ) resp. ( p7| ) is part of their equations of motion. 



We now introduce an explicit parametrization of the fluctuations of the flat Moyal-Weyl 
plane. Tangential fluctuations of the "covariant coordinates" can be parametrized as 

X'^ = - e^'^A^^x) , (69) 
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and the Ai, can be interpreted as U{1) gauge fields on Mg with field strength F^i, = d^Ay — 
d^Ay + i[A^, Ay\. The variation of the Poisson tensor is easily seen to be 56~l = F^^. On 
the other hand, the variation of the embedding metric 

5g,, = d,5ct>'d,5cty>5,, (70) 

is necessarily 2nd order in 5(j). Using 5g'^'^ = —g^^'Sg^/^ig'^'^', the combined metric fiuctua- 
tion can be written as 

V = e'/' (^iJ-'X'F,,, + iJ-XF.'.-liiJ-y,F,^GnG 

~{J~XiJ-X'S9,'u' + \&''5g,^)G,. (71) 



since = y in 4 dimensions (p^. As a check, we note that h = g'^'^dgp^r depends 

only on the embedding part, cf. (p^). 



3.2 U{1) fluctuations and gravitational waves 

For Sg^u = 0, the on-shell U{1) fiuctuations around fiat Moyal-Weyl space satisfy the 
Maxwell equations 

d^F^, = (72) 

which implies as usual 

d'dpF^, = 0. (73) 
Together with (|68|) and ([TiD, it follows that these U{1) metric fiuctuations are Ricci-fiat, 

R^u = (74) 

which was first observed by Rivelles [5]. This can also be seen as a consequence of A^^X^ = 
0. We verify below that the corresponding Riemann tensor is indeed non-trivial, thus 
obtaining a parametrization of the 2 on-shell degrees of freedom of gravitational waves 
through U{1) gauge fields. Note also that (ff^ is consistent with the Einstein-Hilbert 
action induced upon quantization [1]. 

Linearized Riemann tensor. Consider U{1) fiuctuations given by plane waves 

A^ix) = A^e'^- (75) 
such that Fp_y = i{kfj_Ai, — kt,A^) ^ 0. Then 

hpu = i{kyA^ — k^Au) + iikfj^Ay — k^A^) — —iG^^u {{kpAcr — kpA„)G'^ ) 

= +zCk^.A, + ~k,A^)-z{kpA, + k,Ap)+ze^/^Gp,{9P''kpA„) (76) 
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where 

h = {J'XK^ (77) 

noting that 

IpA.GP'' = -e"/2 QP'^kpA, = kpA^G"". (78) 

Observe that the term i[k^j,Ay + kyAp) has the form of a diffeomorphism generated by Ay, 
and therefore does not contribute to the Riemann tensor. In particular, the deformation is 
conformally flat if k^ ~ k^, which means that k^ is an eigenvector of J . Using (|76D for the 
metric fluctuations gives 

Ralu^ = Gsa R^p^^ = ^ {dudf^K^f - dyd^hp^ - (7 ^ ^)) 

= — (^{kp^kcy k^kfj){kyA^ A^k^) + (/c^A^- kfjA^{kJk^ kyk^^ 

2^ ^ (^1/^/^^0-7 kyk^Gp^ kjkp^Gcru + k^k^jG pi,){6^ kpA^j). (79) 
This implies in particular 

R^^i.yO''^ = -t{k^A„-k„Ap){k;k,e''^) = F„^{kyk,e-^), (80) 
which vanished only if k^k^O'^"' = 0. In that case, let = k^ and (|79D gives 

R^'/iu^ = -i{kpk^ - k^k^){kykj - kyk^) ^ provided k '/^ k. (81) 

Now it is easy to see that JT" has no real eigenvector in the Euclidean case (since JT" consists 
essentially of 2 rescaled complex structures as discussed in section ^3), hence 



R^X ^ 0- (82) 



The same is true in the Minkowski case, provided we use imaginary 6^^^ as discussed in 
section pl2t this seems to be the better choice. Thus the U{1) metric fluctuations have 2 
non-trivial physical degrees of freedom, and therefore describe the physical gravitons on 
flat M^. If we insist on real 6^^^ in the Minkowski case, then there would be a preferred 
direction k k where only one graviton polarization survives. 



3.3 Fluctuations of the embedding 



for Fp_y = is 



Now consider on-shell fluctuations of the embedding metric. The linearized Ricci tensor 

= {{J-X{J-Xh,'.' - \{rh,.)G,yj (83) 



^note that A k for nontrivial hp_i, 
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using (|68D, which vanishes for 

^G^g^u = 0. (84) 

This is a rather restrictive condition, which however does have nontrivial solutions, in 
particular the plane wave solution 

= pi e''^^ (85) 

so that (9^0* = k^(j)\ Imposing the e.o.m. (^) leads to light-like momentum k^k^G'^'^ = 0, 
and R^^u = follows. While such plane-wave deformations correspond to trivial (flat) 
deformations of the embedding metric g^^, they do lead to non-trivial deformations of the 
effective metric G^iy, as verified below by computing the corresponding Riemann tensor. 

This result holds for every component (f)\ and it may appear at first that there are 
too many "gravitons". However, recall that the embedding fluctuations only contribute at 
second-order in 6(f). Therefore these plane waves cannot simply be superimposed, and should 
presumably not be interpreted as gravitational waves. This suggests that these Ricci-fiat 
embedding fluctuations should be interpreted as gravitational field due to some nontrivial 
mass distributions; this is expected to happen e.g. for the analog of the Schwarzschild 
geometry. Moreover, one should keep in mind that only certain combinations of these 
embedding and U{1) fluctuations may survive at the quantum level; this is suggested by 
the fact that only the "tangential" e.o.m. are ensured by Noether's theorem (^). It would 
be very important to understand better the relation between the U{1) and the embedding 
fluctuations. 

Linearized Riemann tensor. For F^^ = 0, the linearized Riemann tensor is 

R^al, = -l{iJ-'y^;iJ~'r:dud,sg.>y - ij-'y^ij-'r^dMg,',' - (7 - ^)) 

+^ {Ga-ydyd^h - G^ud^d^h - G^^di,d„h + G^ud^d„h) (86) 
where h = g^^5g^y. For plane wave deformations (^5)), this is 

-^o-/]i/7 ~ 2^ {kakf_i kij^kcr){k^ky k^ky){p 5ij) 

— a'fkyk^ Gfji/k^k^ G ^^kykfj -\- G ^^k^k^ h (87) 

which is indeed nontrivial for k ^ k. 
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4 Noether theorem and semi-classical conservation 
laws 

The basic matrix model (|l]) enjoys the translational symmetry 

X" ^ X" + cn (88) 
As shown in [2,41], this symmetry leads to the conservation law 

[X^T'^''=]r/„,, = (89) 

which was also discussed in [42] in a somewhat different context, cf. [43]. It can also be 
verified directly using the matrix e.o.m. (^TJ). Here 

yafe ^ \_x\X'][X\X%,,. + [X\X'][X\X%,,. - ]^7^''\x\X'^][X''\X%dd.7^,,. (90) 

is the matrix - "energy-momentum tensor" . However, its interpretation and consequences 
are quite surprising in the present context, as we will show. Note first that the indices run 
from 1 to D. In the semi-classical or geometrical limit, T'^'' can be written in terms of the 
geometrical quantities, 

= [X^X''][X^X''']r7,,, + [X^X^][X^X^']r/,,, - ]^r^^^[XP,X-][XP\X''']^,,,r^,„, 

+ [X^0,][X^0,] + [X^0,][X^0,] -r/^'^[X^0,][X^',0,]r/,,, - ^r7^'^[0., 0.][0., 0.] 

T^' = [X^ X"] [0„ X^']r7pp, + [<f)r, X^] [X^ X^']r/,,, + [X^ 0J [0„ <j)t']r]u' + [0., M [X^, <Pt]r]u' 

2ePP'd^^^^'g,,^,{y)dp(l)r = -2GP^dp(t)r 

T^' = [0„ X''] [0„ XP']r],,, + [0„ X^] [0„ XP']7]^,> + [0„ 0i] [0„ (l),]r]u' + [0s, 0d [0r, 0t']%' 

-i(7^^[X'',X-][X^',X'^']r7,,,r7,,, 

26-^^^9^0,9,0, + 2f'r]{y) (91) 

where 

v{y) = \G^''9,u{y) = \gpAy)e'''e^-'g,,.,{y) (92) 

as introduced before. We want to elaborate the semi-classical meaning of the conservation 
laws 

[X^',TnVM + [0r,T^1=O (93) 
[X^',TnVM + [0.,Tn=O, (94) 
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which we will refer to as tangential resp. scalar conservation law. Using 

-z[0„TT = -2^'"^9<,(G^'^5(7,^9,0,) + 2^'"^9,0,9<,r7(2/) (95) 
the tangential conservation law (|93|) gives 

= -z[X^',Tnv.-z[0.,Tn 

= 2e''%v{y) - 29'^W,{G^^g,,{y)) (96) 
which using d^jO'^'^ = 9^^ p^^d^p ( ^81) can be written as 



d^{pe'n = pd'"'d,r]{y) (97) 



introducing the antisymmetric (!) matrix 

= G''Pg,^iy)e^^ = -G''%^G^'^ = -9''^' g^>^>e^''^g.,.'e'''^ = -e^iJ^^O^'^ (98) 
which we will encounter again. Similarly, the scalar conservation law (0) gives 

-z[X^Tnr7,^-2[0„T-] = -2^^''-9.(G«'9,0,)r/,^ 

-2^'"^9.(G«'5(?,^9p0,) + 2e'^"d,(l)sd.ii{y) 

= -2d^''G>'Pgr,M9.dp(l)s 

-2e^"d„{G^'Pg^^{y))d,(t>s + 29^^^ d^r^{y)d,(t>s 

= -2e'"^g^^{y)G^'Pd,dp<P, = -26^^0^8,(1)^ = 

using the tangential conservation law ( p6D in the last step, and noting that 6'^'^ is antisym- 
metric. Hence the scalar conservation law is a consequence of the tangential one. This is 
somewhat surprising, but reflects the 2n-dimensional nature of the sub- manifold A4 C R'^. 

The tangential conservation law (|97|) can be rewritten using IG^^l^^"^ = pe°" (^3]) and 
d^ipO'T') = ^/\^\V^,{e-^e^"') as follows: 



Vf,{e-''e^"') = e-''e^"'^f,r]{y). (99) 



Using (p8|), this coincides precisely with the e.o.m. ( ^OD 

W{e^e;l)=e-^G,,,e'''^d,v{y). 

It is easy to verify the integrability condition for this conservation law 

V.V^ie-'^en = V^ie-'^e^'^d.r^iy)). (100) 

Since the above derivation is based on an exact conservation law of the underlying matrix 
model, (|99D can be trusted also at the quantum level. Indeed the integration measure for 
the matrix model quite trivially respects the translational symmetry, hence no "anomalies" 
are expected. 
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Some results for the embedding metric g^y. The above conservation law (^) implies 
also some interesting results for the embedding metric, notably 



VpQp, = 2d,{e-''ri) (101) 
O^'Vpie'^g,,) = G,,S'''^d,r,{y) (102) 
{A^x"") d,x\ab = 0. (103) 

The last relation becomes more transparent in normal embedding coordinates, where it 
reduces to AqX^ = 0. This means that A^x is normal to TAi using the metric rjab- 
This is somewhat weaker than (but a consequence of) the "bare" matrix model equations 
A(j0* = = 0, which would imply harmonic embeddings for all coordinates x"; see also 
Appendix B of [2]. 

proof of ( |101|) : To see this, consider the following identity: 

= U/,6^''{g6g)p, + U/,g,,G^'' 

= \Vpe^''{geg)^, + 2dpr]-2r]e-''d,e'' (104) 

which implies 

{gOg)a(N^e^^ = -2d,v + ^ve-''d,e'' = -2e'''d,{ve-'^) (105) 
2e2'^r'^9^(r7e-2'^) = -{gOgUe'^'^W ,6'^^ = -2igG)>^\/ ,9^'^ (106) 
r^S^r/ = (^/G')^V^r'^ + r7r^e-2-9^e2'^ 

= e'^V^(e-'^^^") + e'^'G^PV^gpa + 2r/^"'^e-'^9^e'^ (107) 

using the Jacobi identity in the 2nd line. This identity together with the on-shell 
conservation law (|99|) implies ( |101| ). 

proof of ( |103| ) : this follows simply from (^) together with 

e-'-e^'^Vpie'^g,,) = -Vp{e^^g,,) = Vp{G^%i) = G^^V p{e''e;^'). (108) 

proof of ( |103| ) : consider 

d^g^v = G^'d^dpx''d,x\t + G'''d^x''dpd,x\t 

~ {A^x^ + tPdpX^)d,x'r]ab + ^G^'d^g^p 

= A^x''d,x\b + r''9pu + 2d,{e-^7])-^{d,G''n9,p (109) 
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(where x"' are treated as scalar fields for a,b = 1,...,D). Now for any symmetric 
tensor g^^, one has 



V^g^, = d^g^,-t'^g,, + G^'Pt%g,„ 
= d'^g,, - V'^g,, + ^g^.pd.G'^' 



hence 



which together with (|101|) gives (|103|). 



(110) 
(111) 



5 Nonabelian gauge fields 

To minimize notational conflicts, we denote the basic dynamical matrices with Y"' in this 
section. Consider the same matrix model as above 

Sym = -Tr[F«,F^][r"',r^']r/,,,r/,fe, (112) 

but for matrix backgrounds of the form 

ya^f = l X^®^n. a = /x= l,2,...,2n, 

\Y' ) \0^(g)ll„, a = 2n + i, i = l,...,D -2n. ^ ^ 

We want to understand general fluctuations around the above background. Since the 
U{1) components describe the geometry, we expect to find su(n)-valued gauge fields as 
well as scalar fields in the adjoint. It turns out that the following gives an appropriate 
parametrization of these general fluctuations: 

^ / x^®ii„ + ^^ \ /x^®i„ 

) V 0* ® 11„ + + APdp{(t)' ® 11„ + $0 ^ ~ + '^'^1 1^ 0* ® ][„ + $i 



(114) 



where 



= $*^®A" (115) 

parametrize the su(n)-valued gauge fields resp. scalar fields, and A° denotes the gen- 
erators of su{n). This amounts to the leading term in a Seiberg-Witten (SW) map [11], 
which relates noncommutative and commutative gauge theories with the appropriate gauge 
transformation^. This SW parametrization can be characterized by requiring that the 



^We could drop the term A'^dp^'^ for the nonabehan scalars at leading order as long as they do not 
acquire a VEV (in which case they would contribute to the geometry), however the term A''dp(j)'^ does 
contribute to the effective action for An. 
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noncommutative gauge transformation 5nc^" = A] induces for the su{n) components 
= Q,A" and the ordinary gauge transformations 

6,iAf, = z[A^,A],„(„) + 9^A(a;) +0(6) 

6,1^' = t[^\A]suin) +0(9^), (116) 

cf. [44]. Here the subscript [$*,A]s„{n) indicates that only the commutator of the explicit 
su{n) generators is to be taken, but not the 0{6) contributions from the Poisson bracket. 
This strongly suggests that the matrix model action expressed in terms of these A^ should 
reduce to a conventional gauge theory in the semi-classical limit; this was verified in [1]. 

In our context, the SW map (|114|) can be understood geometrically in a very simple 
way. Recall that the U{1) sector (i.e. the components proportional to !„) describes the 
geometrical degrees of freedom: in the geometrical limit, X" = {X^, 0*) become functions 

x" = {x^,(j)\x)) (117) 

on A4 which describe the embedding of the 2n- dimensional brane Ai C M^. Then the 
one-form A^dx^ together with the Poisson tensor determines a tangential vector field 

A^e^ = A^d^''dy = A''d, eTpM, (118) 

whose push-forward in the ambient space 

A''dyx''^A''{6^,d,4>') (119) 

coincides with the fluctuations 6X"- = Y"- — X"" of the dynamical matrices in ( |114|) (for 
vanishing $*). This provides the link between gauge fields and "covariant coordinates" X". 
The nonabelian scalar fields can be thought of as coordinate functions of M. embedded 
in further extra dimensions corresponding to su{n). They behave as scalar fields, but 
might contribute to the background geometry if they acquire a non-trivial VEV, completely 
analogous to the U{1) components 0*. 

After this preparation, we claim that the effective action for su(n)-valued gauge fields 
A^j_ on general M.f^ C. MP in the matrix model (|112|) in the semi-classical limit is 

Sym[A] = Tr{G>''^'G'''''F^y F^^ - F^.^.F^J^^''"' 6^^'' - 2F,,,F,J>^''''9''^' 



+lvO^''e^'''{F,,yF^,y> + 2F^y>Fy^, 



~ j d'''x\G,y\'/'e''G^'^'G'"''tT{F,yF,,y,) - Snc 

where Ff^^ = dfj,Ai, — d^A^ + i[A^, Ay] is the sM(n)-valued field strength, and 
Snc = Snc,i + Snc,2 

= J d'^^xpti {{Fe){Fe) - 2{F9Fe)^ - i y d^''x7]pii[{Fe){F9) - 2{FeFe)) 



(120) 



n=2 



2 / ri{x)iiF ^F . (121) 
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Note that the embedding metric g enters the "would-be topological term" Snc only through 
7] resp. 6^'^. The contraction of the tensor indices is spelled out in (|120|) . The last line 
holds for 4-dimensional branes, and can be seen using 

^iFA F)^,pJ^'e^- = (F^J^^niFpaOn + 2F^„Fj^^-eP'' (122) 

and 6 A 6 = f]{y)0 A 6, see [1]. For the 4-dimensional matrix model this was first ob- 
tained through a direct but rather non-transparent computation of the action [1], requiring 
the 2nd order Seiberg Witten map. We will show below that (|120| ) holds also on general 
non-trivially embedded 2n -dimensional NC branes A4 C M^, by showing that the corre- 
sponding equations of motion coincide with the equation ( |143|) derived from the covariant 



conservation law (|93D , which in turn follow from the basic matrix equations of motion ([llD 



Nonabelian scalars. It follows easily along the lines of section |2.1| that the geometrical 



action for the su{n) -valued scalars in the matrix model at leading order is 
Svum ~ 2 y"rf^x^G^'^tr(D^<l>'D,$^ + ie-^[$\<l>^][^^^ 

(123) 

where -D^$* = 9^$* + We will indeed verify that the corresponding equations 



of motion follow from ([TT|). It is worth pointing out that in the case D = IQ and upon 
adding suitable fermions as in the IKKT model [12], this will lead to the analog of = 4 
SYM theory, albeit on a general background geometry. The SUSY transformations then 
act non-trivially on the geometry, cf. the discussion in [4]. 



Equations of motion. We now derive the equations of motion for the gauge field 
from the effective action ( |12(]| ). Consider first 

5Snc,2 = - j pviiSF9){F9) -2tri5F9F9) 

= 2 J 6A,D^(^pr]F,.,{9>'''9''" -29'"'9"^')^ 

= 2 j p5A^F^n d^r]{9'"'9'''^ - 29'^^9'"') (124) 
where = + i[A^, .], using the identity d^{p9^^^) = (^), the Bianci identities for F: 
^QPUQ.^ _ 29-^9^^^)D^F,^ = 9^''9'^^ ( - D^F^,^ - D^F^,^ - 29^'^ 9^^ D ^F^^, = 0, (125) 
and the Jacobi identity for 9^^ which implies 

j pr]6A,F^^(9''''d^9^'^ - 29"^^ 8^9^''^ 

= j pvSA^F^^ - ^^"5^0"'^ - ^^"S^^'^" + 2^^''9^^^") = 0. (126) 
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Now consider the terms 9 /\9 



5Snc,i = j p{SFe){F9) - 2tT{6F9F9) + {5F9){F9) - 2tr{5F9F9) 
= 2 y 5A^V'^{pF,ri{9''^9'''^ + 9''^9'''^ + 20^^"^"^ + 2^"^^^') 



where = + i[A^, .], using the fact that expression in brackets is completely anti- 
symmetric in liar). Putting this together gives the e.o.m. 

= 2\J\d\V^{e''FP'')+ pF,^^^r|{9^'^9'''^ -29'^^'9'"') 

(^pF,^{9''^'r'^ + r^^"" + 2^^^"^"^ + 2^"^"^)) . (127) 

This matches precisely with (|143| ), which is derived from the matrix equations of motion 
(PT]) resp. the conservation law 



5.1 Covariant Yang-Mills equations from matrix model 

Consider the matrix equations of motion for 

Y^" = + = X^" - 9^''{x)A^ (128) 

where A^, = Ay^^^'^ is a su{n) gauge field, setting = but keeping 0*. Then 

-ifr^,!"*^] = 9^"" ^9^fdpA'' -9^PdpA^ ~i\A^,A''\ 

= (1 + A ■ 8)9^"' + J''"' (129) 

where 

jTM^ = -9f'^''9'"''Ff,,y, (130) 
denoting A ■ d(f) = A'^dpip. Furthermore, we note the following useful formulae 

[Y,ct>' + APdpct>'] = [Y,Y'']dpct>' + iAP{Y,dp(l)'} (131) 

= i{{l + A-d)9^'P)dp(t)'- i9^^''9'"''Fp,p,dp(t)' + iA''9^''dr,dp(t)' 
= i{l + A-d){9^'Pdp(f)') + iJ^''''dp(f)' (132) 

[(1 + A^'driW, (1 + A'dp^ = [(1 + A''d,)(l)\ Y'']dp(t>' + iA''{{l + A^d.W, dpcl)^} 

= - + A ■ d){9f^dr,(l)') + z^'"'9^0') dpcjyi + iAP{(l)\ dpcjyi} 
= i{l + A- dWd^(P'dp<p^) + tJ^''dr,(j)'dp(j)^ (133) 
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which hold to 0{9'^). We can now obtain the commutative hmit of T"* (0) for nonabehan 
gauge fields: 

(1 + ^ • d)4>,\ [y^ (1 + ^ • d)4>r\ + V"^ (i + ^ ■ -9)0,] [r^, (i + ^ • 9)0,] 

-Vl^'^P, (1 + ^ ■ d)<\>rW\ (1 + ^ • d)<\>r\'qpp^ 

-^r7^'^[(l + A ■ (1 + ^ ■ 9)0,] [(1 + ^ ■ 9)0„ (1 + ^ ■ 9)0,] 

~ (l + ^-9)(-2G'^'^ + 2r/'^'^r/(?/)) 

-^T^pQ^'p' r]pp, - IT^PQ^'f' bgpp, - IB^fT''' r]pp, - IB^fT'' bgpp, 

= (l + ^-9)(-2G^'^+ 27/^^^7/(7/)) 

= (l + A- d)i-2G^'' + 27/^^^7/(7/)) - 20^^-' + ^r]P'^{g-^g^f,) 

T,r ^ _[rM^rp][rp',(i + ^.a)0,]7/p,.-[F'',(i + ^-9)0,][r^r^']7/p,, 

+ (1 + ^ • 9)0t][(l + ^ ■ 9)0,, (1 + ^ • 9)0t.](5ti. 

+ [(1 + ^ • 9)0„ (1 + ^ • 9)0*.] [y^ (1 + ^ ■ 9)0i](5ii, 

2(1 + A ■ d)ePP'ePP'gp,^,{y)dp(f)r - 2{J'PP'e''^''gp,p,{x) + 9^^^^^' gp,p,{x))dp(t)r 

= -2{l + A-d){GP^dp(l)r)-2g^'''dp(l)r (134) 

where we introduce the "nonabelian metric" 

gi^u ^ e^''' F^pG^" + 6"'' F^pG^f^ = g''^' (135) 

and note that 

e^'^Fp, = -\g^^gpu. (136) 

This gives 

-i[YP\TP^]r^p,p = -i[YP\{l + A-d){-2GP^ + 2r^P^r^{y))]i^p,p 

-e^'p{dp + i[Ap, .]) (2^^^ - ^7/^^(^"V^)) 
= (1 + ^-9) {e^^'Pdp{-2G^'' + 27/^^7/(7/))) Vp + -F^'''9,(-2G^''^ + 27/^^^7/(7/))^;. 
-^^^^'^(9, + 7K, .]) {2gP^ - \^^^{g-^g^p))vp,p (137) 

and 

7^[(1 + A ■ 9)0„ T-] = (1 + ^-9) (^'"'9,0,9p(G'^^9^0,)) + ^'"'9,0,9, (^^^^9^0,) 
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= {l + A-d) ie^''d,{G^''5g,^)) + J^^%iG^^'6gr,^) + e^^D, {G'^^'dg^^) 

to 0{9'^), where = + ^[^/x, using (|131|) . Hence the "tangential" conservation law 
(El) gives 

= 2(1 + ^-9) (r''9,r^(y) - e^^'dpiGP'g^,)) - 2T^^d,{G^'' g^,) + 2:F''^d,ii{y) 

-e^PD,{2g^^g,, - U;{g^^g^p)). (138) 

Using the geometrical conservation law (^1), this reduces to 

= -riPd,{G^''g,,)+T^Pd,r^{y)-e^''D,(g^'^g,,-U';{g^^g^p)) (139) 

Now we note that 

e^''D,{g>^''g,,) = -p-'D,{pe'^g,,gn 

= -p-^D^i-pGP'^F^pG^'' + pQP^FpJ'^^) 

= p-'^J\d\iV, + z[A„.]){e^Fn - p-'D,ipe^^Fpjn- 



Similarly, 



(140) 



ir''D,(6?-V/3) = ^le'^'^Dpie'^^F^fs) = -\p-^Dp{pe^pr^F^p) (mi) 



and 



pr^^Pd.iG^^'g^^) = e^-F^pd^ipe^PG^'g^^) 

= F^pdp{pe^pG''^g^^en - pF^^g.^G'^-'e^Pd^e^'^ 

= F^pdpipe^pQ'^^) + ^pF^pg^^G^^e^'^d.e''^ 

= F^pd^ipO^pQ'^^) + ]^pF^pe-pdpe'^f' 

= D,(pF,^(0«^r" + ir^r^) - ^pF^^gr^'r^Spr^ (142) 



smce 



2F^0e^Pd£^'' = -F^0d^Pd,& 
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using the Jacobi identity, and the Bianci identity 

DpF^p{e^pe^^ + ^r"^"^) = -r^e^p{D^Fpp + d^f^^ + d^f^p) = o . 

Therefore ( [I39|) becomes 

+]^p-^Dp(^pF^p{2d'"'dp'^ + e'^''^"'^" + 2e'"'ep'^ + r^e'^"; 

+ ^p-^V^ {^pF^p{2d'"'eP^ + ^^"^^^ + 2^"^^^ + r''^^")) (143) 

where Vj^ = + i[A^, .], using the fact that expression in brackets is completely anti- 
symmetric in al3p. This is precisely the e.o.m. ( |127| ) derived from the effective action 
T2r 



It is remarkable that this e.o.m. is derived from an underlying symmetry of the model. 
This means that it is protected from quantum corrections. In particular, the coefficients 
of the would-be topological term is fixed and cannot change under renormalization. While 
this is formally true even in the D = A model, the quantization probably makes sense only 
in the D = 10 model. 

One might object that the equations of motion do not determine or rule out a "truly- 
topological" term ~ j F A F. However, such a term could come in the D = 10 model only 
through J pFF66, which has the wrong scaling dimension in 6 and is therefore excluded. 
Hence the action is determined uniquely to be of the form (|120|) , ( |121|) . 

This mechanism for determining the would-be topological action is quite remarkable and 
should have profound consequences once a semi-realistic vacuum with non-trivial low-energy 
gauge group is found. This can also be seen in connection with the finiteness of the N = 4 
SYM theory, where the so-called ^-angle is protected from running under renormalization 
by supersymmetry; this in turn is related to Montonen-Olive duality [45,46]. 



Nonabelian scalar fields. Finally, the action (|123|) implies the following equations of 
motion for the nonabelian scalars 

= G^'iV, + t[A,, .])Dp^' + e--^ [¥, [<l>^ <^^]]6ij. (144) 

This e.o.m. is easily derived from the basic matrix e.o.m. (p!l|), which is simply a nonabelian 
version of (0): keeping only contributions up to 0(^^), we have 

[Y-,[Y\^%a, = [y^[y^$'=]]r/^, + [0^®l„ + <l>^[0^■®l„ + $^<|.'=]]5,, 
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^"9,0^9,$'=} % + [<l>\ $*^]] 5,,- 
= _^MP (5^ + .]) (^"(9, + r^^. 

-p-'d,(^pe''^e''^5g,,d,^''^ + [<f^ $1] 5,,- 

-e'^n(9, + t[A,, .])$^ + [<|.\ $^]] 5,, 
= -e'^G^''(Vp + t[A,, .])idr, + i[A,, + .f'^]] 5,, 

using (|38|) . This involves the expected gauge- covariant Laplacian. It would be interesting 
to compute also higher-order corrections in 6, which might involve curvature contributions. 

In principle, the e.o.m. for the nonabelian gauge fields ( |143| ) could also be derived in 
a similar way. However this is manageable only in normal embedding coordinates (|50D, 
i.e. taking advantage of the underlying SO{D) symmetry of the model. The derivation 
presented above based on Noethers theorem is not only more profound but also considerably 
simpler. 

6 Discussion and conclusion 

In this paper, the foundations of the matrix-model approach to (emergent) gravity are de- 
veloped further. The effective action for nonabelian gauge fields on non-trivially embedded 
branes A^e C M.^ is obtained, which turns out to be the expected generalization of the 
result in [1] for flat embeddings. This shows that the effective metric G^u (|2^ ) governs 
also the nonabelian gauge fields, and must therefore be interpreted as gravitational metric. 
Since G^^, depends on the embedding metric g^^iy, we can indeed obtain the most general 
effective metric in this framework for D > 10 using standard embedding theorems [15], at 
least locally. Therefore the D = 10 matrix model, notably the IKKT model, is in principle 
capable of describing generic 4-dimensional metrics. The mechanism of emergent gravity 
under consideration here becomes a serious candidate for a realistic theory of gravity. 

Furthermore, we have shown that the equations of motion for the Poisson tensor 6^'^ 
and the nonabelian gauge fields are consequences of a Noether theorem, and therefore 
protected from quantum corrections. This is very remarkable, and supports the viability 
of this framework at the quantum level. We also elaborated in some more detail the 
metric fiuctuations around the fiat Moyal-Weyl background. This leads to a simplified 
understanding of the Ricci-fiatness of the U{1) modes as first observed in [5], interpreted 
as gravitational waves. On the other hand, one of the main open problems is to find an 
analog of the Schwarzschild solution. Since the Einstein-Hilbert action is induced only upon 
quantization, this can be addressed reliably only once the one-loop effective action is known. 
However, the validity of the geometric equation ( ^OD at the quantum level established here 
should be a useful guide already at this point. 
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Even though the physical properties of emergent gravity are not well understood, there 
are several striking aspects which make this framework very attractive. First, its definition 
requires no classical-geometrical notions of geometry whatsoever. The geometry arises 
dynamically, and in fact physical condensation and melting processes of the geometry have 
been observed in similar toy models [47]. This is very appealing from the point of view of 
quantum gravity and cosmology. Another fascinating aspect of the present framework is 
that it leads to a unified picture of gravitons and nonabelian gauge fields, which arise as 
abelian resp. nonabelian fiuctuations of the basic matrices (covariant coordinates) around a 
geometrical background. The quantization around a such a background is technically rather 
straightforward, similar to nonabelian gauge field theory. Remarkably, fiat space remains 
to be a solution at one loop, cf. [1,2] and a related discussion in [7]. In this context, further 
analytical and numerical work on the emergence of 4-dimensional NC branes in matrix 
models is needed, particularly for the supersymmetric case; see also [48,49] for work in this 
context. 

We conclude by stressing that the gravity "theory" under consideration is not based 
on some theoretical expectations, but is simply the result of a careful analysis of the semi- 
classical limit of this type of matrix models. Clearly much more work is required, and it 
seems likely that many more surprising results and insights are waiting to be discovered. 
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